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Abstract
In this paper, we study surfaces in the lightlike cone. We first obtain fundamental formulas for surfaces
in a lightlike cone of general dimensions and then characterize certain homogeneous surfaces in the three-
dimensional lightlike cone and four-dimensional lightlike cone, respectively.
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0. Introduction
Let Emq be the m-dimensional pseudo-Euclidean space with the metric
G¯(x, y) = 〈x, y〉 =
m−q∑
i=1
xiyi −
m∑
j=m−q+1
xjyj ,
where x = (x1, x2, . . . , xm), y = (y1, y2, . . . , ym) ∈ Emq . Then Emq is a flat pseudo-Riemannian
manifold of signature (m − q, q).
Let M be a submanifold of Emq . If the pseudo-Riemannian metric G¯ of Emq induces a pseudo-
Riemannian metric G (respectively, a Riemannian metric, or a degenerate quadratic form) on M ,
then M is called a timelike (respectively, spacelike, or degenerate) submanifold of Emq .
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pseudo-Riemannian hyperbolic space and the pseudo-Riemannian lightlike cone (quadric cone)
are defined respectively by
Snq(c, r) =
{
x ∈ En+1q ; G¯(x − c, x − c) = r2
}
,
Hnq(c, r) =
{
x ∈ En+1q+1; G¯(x − c, x − c) = −r2
}
,
Qnq(c) =
{
x ∈ En+1q ; G¯(x − c, x − c) = 0
}
.
It is well known that Snq(c, r) is a complete pseudo-Riemannian hypersurface of signature
(n− q, q), q  1, in En+1q with constant sectional curvature r−2; Hnq(c, r) is a complete pseudo-
Riemannian hypersurface of signature (n − q, q), q  1, in En+1q+1 with constant sectional curva-
ture −r−2; and Qnq(c) is a degenerate hypersurface in En+1q , respectively. The spaces Enq , Snq(c, r)
and Hnq(c, r) are called pseudo-Riemannian space forms, and the point c is called the center of
Snq(c, r), Hnq(c, r) and Qnq(c). When c = 0 and q = 1, we simply denote Qn1(0) by Qn and call it
the lightlike cone (or simply the light cone) [5].
Although much has been known about submanifolds (hypersurfaces) of the pseudo-Rieman-
nian space forms, there are rather few papers on submanifolds (hypersurfaces) of the pseudo-
Riemannian lightlike cone. We remark that a simply connected Riemannian manifold of dimen-
sion n 3 is conformally flat if and only if it can be isometrically immersed as a hypersurface
of the lightlike cone [1,2]. Moreover, from the relations between the conformal transformation
group and the Lorentzian group of En1, and the submanifolds of the Riemannian sphere Sn and
the submanifolds of the lightlike cone Qn+1, we know that it is important to study submanifolds
of the lightlike cone [3,4,6].
In this paper, we are concerned with the surfaces in the lightlike cone. We will first obtain the
structure equations and their integrability conditions. Then we discuss conformal properties etc.
of these surfaces. Finally, we classify certain homogeneous surfaces in the lightlike cones Q3
and Q4, respectively.
1. Surfaces in the lightlike cone Qn+1
Let M be a connected, oriented 2-dimensional manifold and x :M → Qn+1 ⊂ En+21 be a
surface in the lightlike cone Qn+1 with isothermal parameters (u, v). The induced metric (simply
the metric) of the surface x(u, v) is given by
G = dx · dx = 〈dx,dx〉 = 2ew(du2 + dv2)= ew(dz ⊗ dz¯ + dz¯ ⊗ dz),
where z = u + iv. We use the Cauchy–Riemann operators:
∂z = ∂
∂z
= 1
2
(
∂
∂u
− i ∂
∂v
)
, ∂z¯ = ∂
∂z¯
= 1
2
(
∂
∂u
+ i ∂
∂v
)
and denote xz = ∂zx = ∂x/∂z. Then we have
〈x, x〉 = 〈x, xz〉 = 〈x, xz¯〉 = 〈xz, xz〉 = 〈xz¯, xz¯〉 = 0, 〈xz, xz¯〉 = ew. (1.1)
From (1.1) we get{ 〈xz, xzz〉 = 〈xz, xzz¯〉 = 〈xz¯, xz¯z¯〉 = 〈xz¯, xzz¯〉 = 〈x, xzz〉 = 〈x, xz¯z¯〉 = 0,
〈x , x 〉 = eww , 〈x , x 〉 = eww , 〈x, x 〉 = −ew. (1.2)z¯ zz z z z¯z¯ z¯ zz¯
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respectively by
 = 2e−w∂z∂z¯ = 2e−w ∂
∂z
∂
∂z¯
, κ = −e−wwzz¯. (1.3)
We define
y = y(u, v) = −1
2
x − 1
8
〈x,x〉x. (1.4)
Then we have
〈y, y〉 = 0, 〈x, y〉 = 1, 〈y, xz〉 = 〈y, xz¯〉 = 0.
We choose V n−2 = {spanR{x, y, xu, xv}}⊥ so that
spanR
{
x, y, xu, xv,V
n−2}= En+21 .
Let eα ∈ V n−2 and 〈eα, eβ〉 = δαβ , α,β = 1,2, . . . , n − 2. We know that the vector fields
{x, y, (2ew)−1/2xu, (2ew)−1/2xv, e1, . . . , en−2} form an asymptotic orthonormal frame on En+21
along the surface x(u, v). Then we have the following structure equations for the surface x(u, v):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
xzz = wzxz + ϕx +
∑
α
ψαeα,
xzz¯ = λx − ewy,
xz¯z¯ = wz¯xz¯ + ϕ¯x +
∑
α
ψ¯αeα,
xz = xz, xz¯ = xz¯,
yz = −λe−wxz − ϕe−wxz¯ +
∑
α
μαeα,
yz¯ = −ϕ¯e−wxz − λ¯e−wxz¯ +
∑
α
μ¯αeα,
(eα)z = −ψαe−wxz¯ − μαx +
∑
β
θαβeβ,
(eα)z¯ = −ψ¯αe−wxz − μ¯αx +
∑
β
θ¯αβeβ.
(1.5)
Here λ = λ¯ = −(1/8)ew〈x,x〉 and θαβ + θβα = 0.
We define
Φ = ϕ dz2, ϕ = 〈xzz, y〉; (1.6)
Ψ =
∑
α
Ψαeα =
∑
α
ψαeα dz2, ψα = 〈xzz, eα〉; (1.7)
Ω =
∑
α
Ωαeα =
∑
α
μαeα dz, μα = 〈yz, eα〉. (1.8)
It is easy to verify that Φ , Ψ and Ω are independent of the choice of the parameters and asymp-
totic orthonormal frames. Therefore they are globally defined.
The relation xzzz¯ = xzz¯z yields that
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∑
α
|ψα|2 = 2λ,
ϕz¯ + λwz −
∑
α
ψαμ¯α = λz,
(ψα)z¯ +
∑
β
ψβθ¯βα = −ewμα.
Similarly, the relation yzz¯ = yz¯z yields that
ϕ¯z + λwz¯ −
∑
α
ψ¯αμα = λz¯,
ϕz¯ + λwz −
∑
α
ψαμ¯α = λz,
(μα)z¯ +
∑
β
μβθ¯βα − ϕψ¯αe−w = (μ¯α)z +
∑
β
μ¯βθβα − ϕ¯ψαe−w,
and the relation (eα)zz¯ = (eα)z¯z yields that∑
β
θαβψ¯βe
−w = (ψ¯α)ze−w + μ¯α,
∑
β
θ¯αβψβe
−w = (ψα)z¯e−w + μα,
ψαϕ¯e
−w + (μα)z¯ +
∑
β
θαβμ¯β = ψ¯αϕe−w + (μ¯α)z +
∑
β
θ¯αβμβ,
(θαβ)z¯ +
∑
γ
θαγ θ¯γβ − ψαψ¯βe−w = (θ¯αβ)z +
∑
γ
θ¯αγ θγβ − ψ¯αψβe−w.
Therefore we obtain the integrability conditions for the structure equations (1.5) of the surface
x(u, v) as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
wzz¯ − 2λ = e−w
∑
α
|ψα|2,
ϕz¯ + λwz = λz +
∑
α
ψαμ¯α,
(ψα)z¯ + ewμα +
∑
β
ψβθ¯βα = 0,
(μα)z¯ +
∑
β
μβθ¯βα − ϕψ¯αe−w = (μ¯α)z +
∑
β
μ¯βθβα − ϕ¯ψαe−w,
(θαβ)z¯ − (θ¯αβ)z = e−w(ψαψ¯β − ψ¯αψβ) +
∑
γ
(θ¯αγ θγβ − θαγ θ¯γβ).
(1.9)
Let x(u, v) be a surface in Qn+1. From 〈x(u, v), x(u, v)〉 = 0 we know that x˜(u, v) =
eσ(u,v)x(u, v) is also a surface in Qn+1, where σ(u, v) :M → R is a differentiable function.
Since 〈dx˜,dx˜〉 = e2σ 〈dx,dx〉, we know that the surfaces x˜(u, v) and x(u, v) are conformal each
other. We denote by ˜ and κ˜ the Laplacian and the Gaussian curvature of the surface x˜(u, v),
respectively. From x˜(u, v) = eσ x(u, v) we have
〈dx˜,dx˜〉 = e2σ 〈dx,dx〉 = e2σ ew(dz ⊗ dz¯ + dz¯ ⊗ dz).
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〈dx˜,dx˜〉 = ew˜(dz ⊗ dz¯ + dz¯ ⊗ dz).
Then w˜ = 2σ + w. Hence we obtain
˜x˜ = 2e−w˜x˜zz¯ = 2e−2σ−w
(
eσ σzx + eσ xz
)
z¯
= 2e−σ−w[(σzσz¯ + σzz¯)x + σz¯xz + σzxz¯ + xzz¯],
〈˜x˜, ˜x˜〉 = 4e−2σ−2w[〈xzz¯, xzz¯〉 + 2(σzσz¯ + σzz¯)〈x, xzz¯〉 + 2σzσz¯〈xz, xz¯〉]
= 4e−2σ−2w(〈xzz¯, xzz¯〉 − 2σzz¯ew),
κ˜ = −e−w˜w˜zz¯ = −e−2σ−w(2σ + w)zz¯
= −e−2σ−w(2σzz¯ + wzz¯) = e−2σ
(
κ − 2σzz¯e−w
)
.
Consequently,
〈˜x˜, ˜x˜〉 − 4κ˜ = e−2σ (〈x,x〉 − 4κ).
Therefore we get for any surfaces x(u, v) and x˜(u, v) = eσ(u,v)x(u, v),(〈˜x˜, ˜x˜〉 − 4κ˜)〈dx˜,dx˜〉 = (〈x,x〉 − 4κ)〈dx,dx〉. (1.10)
From (1.5), (1.9) and (1.10) we also have
〈x,x〉 − 4κ = 4e−2w
∑
α
|ψα|2. (1.11)
Proposition 1.1. Let x :M → Qn+1, n 3, be a surface. Then(〈x,x〉 − 4κ)〈dx,dx〉
is a conformal invariant.
Definition 1.1. Let x :M → Qn+1 be a surface. The mean curvature H of the surface x(u, v)
in Qn+1 is defined by
H = 1
2
〈x,y〉. (1.12)
The surface x(u, v) is called zero mean curvature surface in Qn+1 if H ≡ 0.
Proposition 1.2. Let x :M → Qn+1 be a surface with the mean curvature H in Qn+1. Then
H = λe−w, (1.13)
where λ is given by (1.5).
Proof. This is immediate from (1.3), (1.5) and (1.12). 
Definition 1.2. For a given surface x :M → Qn+1, define
x˜(u, v) = y(u, v) = −1
2
x − 1
8
〈x,x〉x.
Then x˜(u, v) is also a surface in Qn+1 and is called the associated surface of the surface x(u, v).
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Ω =∑α μαeα dz. Then the associated surface x˜(u, v) of the surface x(u, v) has also zero mean
curvature.
Proof. When Ω = 0, by (1.5) we know that span{xu, xv} = span{yu, yv} = span{x˜u, x˜v}. Then
span{x, y, e1, . . . , en−2} =
{
span{xu, xv}
}⊥ = {span{x˜u, x˜v}}⊥
= span{x˜, y˜, e˜1, . . . , e˜n−2}
= span{y, y˜, e˜1, . . . , e˜n−2},
span{x, e1, . . . , en−2} = span{y˜, e˜1, . . . , e˜n−2}.
Therefore 〈x, x〉 = 〈y, y〉 = 0, 〈x, y〉 = 1, and the fact that{
x, y,
(
2ew
)−1/2
xu,
(
2ew
)−1/2
xv, e1, . . . , en−2
}
is an asymptotic orthonormal frame on En+21 along the surface x(u, v) mean that ˜˜x = x and y˜ = x
(Notice that x and y˜ are lightlike, span{e˜1, . . . , e˜n−2} and span{e1, . . . , en−2} are spacelike.) From
(1.13) we have H = λ = 0. Then by (1.5) we get
x˜z = yz = −λe−wxz − ϕe−wxz¯ +
∑
α
μαeα = −ϕe−wxz¯,
x˜z¯ = yz¯ = −λe−wxz¯ − ϕ¯e−wxz +
∑
α
μ¯αeα = −ϕ¯e−wxz.
Therefore
〈dx˜,dx˜〉 = 〈x˜z dz + x˜z¯dz¯, x˜z dz + x˜z¯dz¯〉
= 〈x˜z, x˜z¯〉(dz ⊗ dz¯ + dz¯ ⊗ dz)
= |ϕ|2e−w(dz ⊗ dz¯ + dz¯ ⊗ dz),
2H˜ = 〈˜x˜, y˜〉 = 〈˜x˜, x〉 = 〈2e−w˜x˜zz¯, x〉= 〈2ew−log |ϕ|2(−ϕe−wxz¯)z¯, x〉
= 2ew−log |ϕ|2 〈(−ϕe−wxz¯)z¯, x〉= 2ew−log |ϕ|2 〈ϕe−wxz¯, xz¯〉= 0.
This completes the proof. 
2. Surfaces in the lightlike cone Q3
In this section, we consider surfaces in the lightlike cone Q3. For a surface x :M → Q3 ⊂ E41,
from (1.5) we have the following structure equations:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
xz = xz, xz¯ = xz¯,
xzz = wzxz + ϕx,
xz¯z¯ = wz¯xz¯ + ϕ¯x,
xzz¯ = λx − ewy,
yz = −λe−wxz − ϕe−wxz¯,
yz¯ = −ϕ¯e−wxz − λe−wxz¯
(2.1)
and
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Λ = λdzdz¯, λ = 〈xzz¯, y〉. (2.3)
By a direct calculation we have
ϕ = 1
2
ew(h11 − h22 − 2ih12), (2.4)
where hij denote the components of the second fundamental form of the surface defined by
hij = (2ew)−1〈xuiuj , y〉 with u = u1, v = u2. For the integrability conditions we have
wzz¯ = 2λ, (2.5)
ϕz¯ = λz − λwz. (2.6)
From (1.3) and (2.5) we have
2λ
(−e−w)= wzz¯(−e−w)= κ.
Then we get
λ = −1
2
ewκ. (2.7)
It follows from (2.6) and (2.7) that
ϕz¯ = λz − λwz = −12e
wκz + λwz − λwz = −12e
wκz.
The integrability conditions (2.5) and (2.6) can be written as⎧⎪⎨
⎪⎩
λ = −1
2
ewκ,
ϕz¯ = −12e
wκz.
(2.8)
A surface in Qn+1 is called homogeneous if for any two points p and q on the surface there
exists a Lorentzian transformation in Qn+1 which preserves the surface and takes p to q . There-
fore, all invariant functions on a homogeneous surface are constant functions.
Theorem 2.1. Let x :M → Q3 be a homogeneous surface. Then it is congruent to one of the
following surfaces:
(i) a totally umbilical surface;
(ii) x(u, v) = a(sinu, cosu, sinhv, coshv), where 0 
= a ∈ R.
Proof. By homogeneity, we know that e−2wϕϕ¯ and the Gaussian curvature κ are constant.
Then (2.8) yields that ϕz¯ = 0. If ϕ ≡ 0, from (2.4) we know that the surface is totally umbili-
cal. Let ϕ 
= 0. Then e−2wϕϕ¯ = const and ϕz¯ = 0 yield that
0 =  log(e−2wϕϕ¯)= (−2w + logϕ + log ϕ¯) = −2w = 4κ.
Hence the surface is flat so that we can choose the parameters such that w ≡ 0. Consequently,
λ = −(1/2)κ = 0 and ϕ = const 
= 0. By changing the parameters, we can assume that ϕ = ϕ¯.
Then the structure equations become{xzz = ϕx, xz¯z¯ = ϕx, xzz¯ = −y,yz = −ϕxz¯, yz¯ = −ϕxz,
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⎧⎪⎨
⎪⎩
xuu − xvv + 2ixuv = 4ϕx,
xuu − xvv − 2ixuv = 4ϕx,
xuu + xvv = −4y,
yu = −ϕxu, yv = ϕxv.
Therefore we get
{
xuv = 0, xuu − xvv = 4ϕx, xuu + xvv = −4y,
yu = −ϕxu, yv = ϕxv.
Solving these equations, we obtain
⎧⎨
⎩
x(u, v) = f (u) + g(v),
f ′′′(u) = 4ϕf ′(u),
g′′′(v) = −4ϕg′(v).
By a transformation we get
{
f (u) = a1 sinh(2√ϕ )u + a2 cosh(2√ϕ )u,
g(v) = a3 sin(2√ϕ )v + a4 cos(2√ϕ )v
for ϕ > 0;
{
f (u) = a1 sin(2√−ϕ )u + a2 cos(2√−ϕ )u,
g(v) = a3 sinh(2√−ϕ )v + a4 cosh(2√−ϕ )v
for ϕ < 0, where a1, a2, a3, a4 ∈ E41. 
Theorem 2.2. The surface x :M → Q3 is flat if and only if its associated surface x˜(u, v) is flat.
The surface x :M → Q3 has zero mean curvature if and only if its associated surface x˜(u, v) has
zero mean curvature.
Proof. Let x :M → Q3 be flat. We can choose the parameters such that w ≡ 0. From (2.1) we
get x˜z = yz = −ϕxz¯. Then
〈dx˜,dx˜〉 = elog |ϕ|2(dz ⊗ dz¯ + dz¯ ⊗ dz).
By (2.8) and κ = 0 we have ϕz¯ = 0. Hence
κ˜ = −e−w˜w˜zz¯ = −e− log |ϕ|2
(
log |ϕ|2)
zz¯
= 0.
The surface x˜(u, v) is also flat.
If x˜(u, v) is flat, in the same way as in the proof above, we can get x(u, v) is also flat.
From (1.13) and (2.8) we know the surface has zero mean curvature if and only if it is flat. 
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In this section, we study surfaces in the lightlike cone Q4. For a surface x :M → Q4 ⊂ E51,
from (1.5) we have the following structure equations:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
xzz = wzxz + ϕx + ψe,
xzz¯ = λx − ewy,
xz¯z¯ = wz¯xz¯ + ϕ¯x + ψ¯e,
xz = xz, xz¯ = xz¯,
yz = −λe−wxz − ϕe−wxz¯ + μe,
yz¯ = −ϕ¯e−wxz − λe−wxz¯ + μ¯e,
ez = −ψe−wxz¯ − μx,
ez¯ = −ψ¯e−wxz − μ¯x.
(3.1)
The integrability conditions for the structure equations (3.1) of the surface x(u, v) are given by
⎧⎪⎪⎨
⎪⎪⎩
wzz¯ − 2λ = e−w|ψ |2,
ϕz¯ + λwz = λz + ψμ¯,
ψz¯ + ewμ = 0,
μz¯ − ϕψ¯e−w = μ¯z − ϕ¯ψe−w.
(3.2)
Theorem 3.1. Let x :M → Q4 be a homogeneous surface with vanishing 1-form Ω = μe dz.
Then it can be written as one of the following surfaces:
(i) x(u, v) = a1 + a2u + a3u2 + a4 sinv + a5 cosv;
(ii) x(u, v) = a1 + a2 sinhu + a3 coshu + a4 sinv + a5 cosv;
(iii) x(u, v) = a1 + a2 sinu + a3 cosu + a4 sinv + a5 cosv,
where a1, a2, a3, a4, a5 ∈ E51.
Proof. From the homogeneity of the surface we have e−2wψψ¯ = const 
= 0. Combining with
μ = 0 and (3.2) we get
0 =  log(e−2wψψ¯)= −2w.
Hence the surface is flat, so that we may choose the parameters such that w = 0. Then (3.1) and
(3.2) become
{
xzz = ϕx + ψe, xzz¯ = λx − y,
yz = −λxz − ϕxz¯, ez = −ψxz¯, (3.3){−2λ = |ψ |2, ϕz¯ = λz,
ψz¯ = 0, ϕψ¯ = ϕ¯ψ.
(3.4)
Consequently, we know that ϕ, ψ and λ are constants and λψ 
= 0.
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From (3.3) we then obtain⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
xuu − xvv = 4(ϕx + ψe), xuv = 0,
xuu + xvv = 4(λx − y),
yu = −λxu − ϕxu = −(λ + ϕ)xu,
yv = −λxv + ϕxv = (ϕ − λ)xv,
eu = −ψxu, ev = ψxv.
(3.5)
Equations (3.5) yield that⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x(u, v) = f (u) + g(v),
f ′′′(u) = 4(ϕ − ψ2)f ′(u) = 4(2λ + ϕ)f ′(u),
g′′′(v) = −4(ϕ + ψ2)g′(v) = 4(2λ − ϕ)g′(v),
−2λ = ψ2.
(3.6)
Solving these equations, we obtain the following:
(i) When ϕ = ψ2, we have{
f (u) = a1 + a2u + a3u2,
g(v) = a4 sin
(
2
√
ϕ + ψ2 )v + a5 cos(2√ϕ + ψ2 )v + a6.
(ii) When ϕ > ψ2, we have{
f (u) = a1 sinh
(
2
√
ϕ − ψ2 )u + a2 cosh(2√ϕ − ψ2 )u + a3,
g(v) = a4 sin
(
2
√
ϕ + ψ2 )v + a5 cos(2√ϕ + ψ2 )v + a6.
(iii) When −ψ2 < ϕ < ψ2, we have{
f (u) = a1 sin
(
2
√
ψ2 − ϕ )u + a2 cos(2√ψ2 − ϕ )u + a3,
g(v) = a4 sin
(
2
√
ϕ + ψ2 )v + a5 cos(2√ϕ + ψ2 )v + a6.
(iv) When ϕ = −ψ2, we have{
f (u) = a1 sin
(
2
√
ψ2 − ϕ )u + a2 cos(2√ψ2 − ϕ )u + a3,
g(v) = a4v2 + a5v + a6.
(v) When ϕ < −ψ2, we have{
f (u) = a1 sin
(
2
√
ψ2 − ϕ )u + a2 cos(2√ψ2 − ϕ )u + a3,
g(v) = a4 sinh
(
2
√−ϕ − ψ2 )v + a5 cosh(2√−ϕ − ψ2 )v + a6.
Here a1, a2, a3, a4, a5, a6 ∈ E51. Thus we complete the proof of the theorem. 
Remark. By a transformation in E51, surface (i) of Theorem 3.1 can be written as
x(u, v) = a(sinv, cosv,u,−(1/2)u2, (1/2)u2 + 1), a 
= 0;
similarly surface (ii) as
x(u, v) = (√b2 − a2, a sinv, a cosv, b sinhu,b coshu), b2 > a2,
H.L. Liu / J. Math. Anal. Appl. 325 (2007) 1171–1181 1181and surface (iii) as
x(u, v) = (a sinu,a cosu,b sinv, b cosv,√a2 + b2 ), ab 
= 0.
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